A one-dimensional initial-boundary value problem for a thermoelastic beam that is clamped at one end and moves freely between two obstacles at the other, is studied using a method of functional analysis. The boundary conditions at the free end are represented either by classic Signorini's conditions or a normal compliance condition. The main result is that the energy associated with the system decays exponentially as time goes to infinity. Numerical examples are included.
INTRODUCTION
The study of dynamic vibrations of mechanical systems caused, for example, by noises and characteristic vibrations of cars and its components became an area of increasing interest for the automotive industries. These industries have employed great efforts in the sense to identify and to reduce these unwanted noises and vibrations. The dynamic vibrations problem of beams in contact with a rigid obstacle has been studied for some authors, such as: Kuttler et al. [1] , Andrews et al. [2] , Dumont et al. [3] and Bajkowski et al. [4] . The one-dimensional problem describing the viscoelastic or elastic oscillations of a beam clamped at one end to a vibrations device while the other end oscillates between two rigid or flexible stops, was first studied by Moon and Shaw in [5] . This model was also studied by Kuttler and Shillor in [6] , where the authors consider the material constitutive law to be either elastic or viscoelastic of the Kelvin-Voigt type. The contact is modeled either with the Signorini's conditions or with the normal compliance condition. The authors show the existence of weak solutions and the uniqueness is proved only for the viscoelastic case. In reference [7] , Dumont and Paoli study this problem considering the elastic case and analyse the convergence of a full discretized approximation; prove the stability and convergence of model and present implementation results. For other numerical results see, for example, [4, 8] and references therein.
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It is well known that beams that vibrate with high frequency may generate considerable heat. For this reason, in this work we take into account the heat generated during the process. The model includes dynamic vibrations of the beam and the associated generation of heat; that is, the thermoelastic beam problem. Because of the lack of uniqueness for the Signorini's problem, the main contribution of this work is to show that there exists one solution of the Signorini's problem, which decays exponentially to zero as time goes to infinity. We also present numerical simulations that verify our theoretical results.
Throughout this article the same letter C 0 will denote various positive constants that do not depend on x and t, and C = C 0 −1 where is any positive constant.
MODEL FORMULATION
We consider a thermoelastic beam problem. The physical description of the model is given in Figure 1 . The beam is clamped at its left end and its right end is free. The motion in the free end is constrained by two obstacles that are called stops.
We assume that the beam is configured in 0 L ⊂ . Here g 1 and g 2 , with g 1 < 0 < g 2 , are the positions of the stops. We make the usual Euler-Bernoulli assumption that the transverse dimensions of the beam are small enough compared to the length of the beam and radius of curvature of the bending that any plane cross-section, initially perpendicular to the axis of the beam, remains plane and perpendicular to the neutral surface during bending. The neutral surface is the one running through the length of the beam that suffers no extension or contraction during its bending.
If the beam has a uniform square cross-section with vertical thickness h, then the thermal moment at x t is given bỹ
x ỹ t dỹ Figure 1 Beam subject to a constraint at the free end L.
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539 where x ỹ t is the temperature (measured relative to that of the environment) at x t and vertical locationỹ. In the discussion of the model that follows, we use the terms temperature difference and thermal moment interchangeably. We also denote byũ =ũ x t the vertical displacement and the subscripts the partial derivatives. The equations that describe thermoelastic beams follow from [9] , where the author derived the equations [10] . Thus, the complete model is given by
the constants which appear in the above equations are given in Table 1 . We introduce the following change of variables to set the problem in a dimensionless form:
This change is to replace the interval 0 L by the unit interval 0 1 and to replace the temperature by = 0.
Considering all dimensionless variables, the shearing force per unit area of the beam = x t is given by the relation
and the heat flux is given by
So that, the complete model, in dimensionless variables, is given by
where a, b and c are dimensionless positive constants given by
We consider the initial conditions
where u 0 , u 1 and 0 represent, respectively, the initial displacement, the velocity and temperature difference of the beam. We assume that the beam has been thermally insulated at the clamped end and kept at a zero temperature at. Under these conditions it is not difficult to show that the problem for Eqs. (4)- (5) is well posed.
It would be natural to consider a general case where the temperature at the free end is time dependent. However, in the general case a proof of the exponential stability is not possible using our techniques. Thus, for the sake of simplicity, we are taking the temperature null at this end (see [4, 11] ), so that the boundary conditions we consider for are
We remark that we are assuming that there is not friction when the beam hits the obstacles, therefore there is not an extra generation of heat. We assume that the beam is clamped at x = 0, then
and that the moment at the end x = 1 is zero; that is
At the free end of the beam, where contact with the obstacles may occur, we take the classic Signorini's condition
This condition assures that the displacement at x = 1 is constrained between the stops g 1 and g 2 . When the beam hits one of the obstacles, the stress is in the opposite direction of the displacement. Then, we have the situations
To ensure that only one of the conditions occurs at the same time, we impose that
where f + = max f 0 is the positive part of f . To study this problem with Signorini's conditions, we consider first an approximation given by the normal compliance condition, where the stops are assumed to be flexible with resistance force proportional to the deflection. Introducing the penalization parameter 1/ , we find the solution of the penalized problem, then we pass to the limit when → 0 to find the solution of the Signorini's problem. The normal compliance condition is given by
where k = 1/ is a positive constant. This condition leads to a system of the partial differential equations depending on the parameter . Observe that the normal compliance condition (12) allows that the final contact penetrates the obstacle; that is, it may occurs that
From a mechanical point of view, 1/ can be interpreted as the stiffness of the stops. On the other hand, from numerical point of view, for large values of 1/ , we obtain the rigid stops and the condition (11) can be seen as a limit case of the normal compliance condition (12) when 1/ tends to the infinity. Thus, the normal compliance condition (12) is called regularization of Signorini's conditions and says that condition (12) is an approximation of the problem with Signorini's conditions through the boundary conditions. We used a beam of alloy steel, for which thermal and mechanics properties are given in Table 1 . We take the values for from [7] and E, , , C and k from [14] . The choice of h have been taken small and the value for T 0 is the ambient temperature for the alloy steel.
EXISTENCE OF SOLUTIONS AND VARIATIONAL FORMULATIONS
Here we establish the existence of weak solutions as well as uniqueness for the penalized problem. We introduce the following spaces
To incorporate the Signorini's conditions (10)- (11), we consider the convex set of all the admissible displacements in the right end of the beam.
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We define H = L 2 0 1 and we identify H with H , topological dual of H, so we have
The classic formulation of the problem of vibrations of a thermoelastic beam between two obstacles with Signorini's conditions is: To find pairs of functions u , such that the system (4)- (11) is satisfied. The classical problem with normal compliance condition is: To find pairs of functions u satisfying (4)- (9) and (12) . The definition of weak solution of the Signorini's problem (4)- (11), which we will use in this work is given as follows.
Definition 3.1. Assume that
with T any fixed positive real number. We say that the couple u is a weak solution to (4)- (11), when 
The existence of weak solution of the Signorini's problem is obtained by taking the limit when → 0 of the penalized problem
The term − u t 1 t was introduced to get the uniqueness of the solution of the problem 13. In that follows, we omit the index . The weak formulation of the penalized problem is given by
with v x T = w x T = 0
We summarize the well posedness of the penalized problem in the following theorem.
Theorem 3.2. Let us take
Then, for any > 0, there exists only one strong solution to problem (14) - (15) with the regularity
Proof. The proof is based on the Galerkin method. Following the same procedures as in [12] , we are able to show the existence and uniqueness of solution as indicated in the above Theorem. So, we omit here the proof. On the other hand, using the same arguments as in Kuttler and Shillor in [6] , we can show that there exists a subsequence of u u t , we still denote in the same way, that converges to the Signorini's problem; that is
when u u t satisfies Definition 3.1.
So we have:
Then, there exists a weak solution for Signorini's problem (4)-(11).
Remark 3.4. The uniqueness of the solution to Signorini's problem (4)- (11) remains an open question, as well as the existence result for dimensional space n ≥ 2.
EXPONENTIAL DECAY
Next, we show that the solution of the Signorini's problem decays exponentially to zero as time goes to infinity. To show this, we introduce the energy functional associated with the thermoelastic system
We denote E t = E t u . The energy of the penalized problem is defined as
where the functional t is given by
First, we show that the energy associated with the penalized problem t decays exponentially to zero as time goes to infinity with rates that do not depend on , and later we will pass to the limit when → 0 to obtain the decay of the energy E t associated with the Signorini's problem. The idea is to construct a Lyapunov's functional , satisfying
Let us consider the penalized problem (13) . For simplicity, we take f = g = 0 in (14) and (15) and we omit the index . Using (14) and (15), with v = u t and w = , respectively, we arrive at
From the above identity and (18), we see that
Let us introduce the functional 1 as
Under the above notations, we have 
Proof. From definition of 1 t , it follows that
Using the system (13) and integrating by parts, we get
Using (3), (13), inequality
where L is the Poincare's constant, remembering that in our case L = 1) and integrating by parts, we conclude 
Proof. Note that
Using the system (13), we obtain
Integrating by parts and using the boundary conditions, it follows that
Integrating by parts, yields 
Substituting (22) and (23) into (21) and using (3), our result follows. 
Proof. Integrating (13) 2 over 0 x and using the boundary conditions, we get 
Integrating by parts once more, yields
s t ds q xx u xx dx From Sobolev's imbedding Theorem (sup w x ≤ w x L 2 0 1 , using ≤ 2 + −1 2 and Poincare's inequality, we get
Integrating by parts, we obtain 
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To estimate the boundary terms in Lemmas 4.2 and 4.3, we take q x = x − 1. Thus, we have that there exists constant C 0 > 0 and for > 0 small enough, there exists C > 0, such that
We also need the following result. Choosing N large enough and small enough, we conclude that there exist positive constants a i , such that
Taking = min a 0 a 1 a 2 a 3 and using (17), we get
From Lemma 4.4 and N large enough, we get that there exist constants 1 2 > 0, such that
Combining (28) and (29), we arrive at 
Here, we obtain the exponential decay of the energy associated with the penalized problem, as time goes to infinity. We will pass to the limit in (30) as −→ 0, to get the decay of the energy associated with the Signorini's problem. From (17), we have
Taking the initial data, such that 0 = 0, letting −→ 0, using (16), the lower semicontinuity of the energy and the fact that does not depend on , we get that
Thus, we our conclusion follows. We observe in Figures 2 and 3 that the trajectory of the displacement u in 1, remains constrained by the obstacles in the positions g 1 and g 2 . We notice that initially u 1 t touches the obstacles and presents irregular behavior due to the inertia effect. However, as time goes by, the solution begins to decay and to regularize itself. In Figure 4 (a), we see the decay of the energy that, also, presents some irregularities. In Figure 4 (b), we see how the temperature difference is distributed along the beam.
In the next graphics, we consider the beam's oscillations at the end x = 1: u 1 t and the energy E t , in times T = 0 05 and T = 0 1, respectively. We notice in Figures 5 and 6 same behavior of the previous graphics. Moreover, as time increases, we see better the exponential decay of the solution.
Finally, we present a case where the penalization parameter is given by 1/ = 1 × 10 7 and analyse the beam's oscillations at the free end x = 1 u 1 t , in the time T = 0 05. 
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In Figure 7 , note that close to zero, these values of u 1 t in some interval of time are larger than g 2 and in other interval of time are smaller than g 1 , this is because of the normal compliance condition, which considers the elastic obstacles. As −→ 0, the elastic body goes to a rigid body (see Figure 5(a) ); characterizing the numerical convergence of the penalized problem for the Signorini's problem. Through the numerical simulations, we observe that the smaller is the value of , the bigger is the computational cost to guarantee the convergence of method.
